The Hamiltonian H = 1 2 p 2 + 1 2 m 2 x 2 +gx 2 (ix) δ with δ, g ≥ 0 is non-Hermitian, but the energy levels are real and positive as a consequence of PT symmetry. The quantum mechanical theory described by H is treated as a onedimensional Euclidean quantum field theory. The two-point Green's function for this theory is investigated using perturbative and numerical techniques.
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The Källen-Lehmann representation for the Green's function is constructed, and it is shown that by virtue of PT symmetry the Green's function is entirely real. While the wave-function renormalization constant Z cannot be interpreted as a conventional probability, it still obeys a normalization determined by the commutation relations of the field. This provides strong evidence that the eigenfunctions of the Hamiltonian are complete.
In this Letter we study the quantum mechanical theory described by the Hamiltonian
We treat this theory as a one-dimensional self-interacting scalar Euclidean quantum field theory whose Hamiltonian is
and study the two-point Green's function for this theory.
The quantum mechanical theory in (1) has been studied in great detail in the past few years because, while it is not Hermitian, it does possess PT symmetry. (Under parity P,
x → −x and p → −p; under time reversal T , x → x, p → −p, and i → −i. Thus, the operator PT commutes with the Hamiltonian H.) It appears that, as a consequence, all of the energy levels are real and positive [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . The first rigorous proof of the reality of the spectrum for the massless case m = 0 is given in Ref. [13] . Direct numerical evidence for the reality and positivity of the spectrum can be found by performing a Runge-Kutta integration of the associated Schrödinger equation [1] . Alternatively, the large-energy eigenvalues of the spectrum can be calculated with great accuracy by using WKB techniques [1, 3, 15] . One can also demonstrate the reality and positivity of the spectrum by calculating exactly the spectral zeta function (the sum of the reciprocals of the eigenvalues). This was done by
Mezincescu [7] and Bender and Wang [9] .
Non-Hermitian quantum mechanical PT -symmetric theories have been studied extensively, but not much work has been done on the corresponding scalar quantum field theories.
Three major studies have been published. The first [16] shows how to solve the SchwingerDyson equations for such theories. The interesting result is that the beta functions for the igφ 3 and the −gφ 4 theories have the opposite signs from those of the conventional gφ 3 and gφ 4 theories. Thus, in four dimensional space these non-Hermitian theories are asymptotically free and are nontrivial. The second paper [17] is a nonperturbative calculation in D-dimensional space of the one-point Green's function G 1 in such theories. It is quite remarkable that G 1 = 0|φ(0)|0 is nonvanishing for all δ > 0. This is true even for the case δ = 2, which corresponds to a −gφ 4 field theory. Hence, this model might possibly be useful to describe the physics of the Higgs sector. The third paper [18] concerns bound states in such theories. It is shown that for sufficiently small coupling constant, a −gφ 4 theory possesses n-particle bound states for any n. In fact, there is a range of g for which there are just two-particle and three-particle bound states but not bound states of four or more particles, which is somewhat reminiscent of the way in which quarks form bound states.
In this Letter we consider the field theoretic connected two-point Green's function, which in Minkowski space is defined in general by
where T represents time ordering. To discuss this equation in the context of quantum mechanics, which is equivalent to quantum field theory in one time and no space dimensions, we incorporate the time ordering by using the Heaviside step function θ(x):
We evaluate 0|φ(x)φ(y)|0 by inserting a complete set of states:
Thus, if we include the effect of time ordering, we obtain
In this sum the n = 0 term [ 0|φ(0)|0 ] 2 , which is the square of the one-point Green's function, represents the disconnected part of the two-point Green's function. Thus, the connected two-point Minkowski space Green's function is given by
In Euclidean space we replace the i in the exponent of (7) by −1 and get
We perform a Fourier transform to find the Green's function in momentum space:
where we use the identity
The difference of the first-excited-state energy E 1 and the ground-state energy E 0 is defined as the renormalized mass M. It is traditional to define the wave-function renormalization constant Z as the coefficient of the one-particle pole 1 E 2 +M 2 . In quantum mechanics we have an infinite sum of poles instead of a cut. Thus, we define the nth wave-function renormalization constant Z n by
Finally, we express the matrix elements above in terms of the usual coordinate-space energy eigenfunctions ψ n (x), which satisfy the time-independent Schrödinger equation
We thus obtain a representation for Z n as a ratio of integrals:
We have not seen this general result before in the literature.
We now make a crucial observation. For ordinary real Hamiltonians the solution to the Schrödinger equation (11) is real, so it is not necessary in (12) to use complex conjugates of wave functions. That is, we have written ψ 2 n (x) and not |ψ n (x)| 2 . In our upcoming discussion of the complex Hamiltonian (1) we will continue to use the formula (12) . It would be wrong to use complex conjugates of wave functions because for non-Hermitian PT -symmetric Hamiltonians the statement of orthogonality for the wave functions is
1 It is important that the integrand in (13) not contain the complex conjugate of ψ m (x) because it is not an analytic function of x. The integrand of (13) must be analytic because we will need to have the freedom to move the contour of integration in the complex-x plane as the parameter δ in the Hamiltonian (1) varies. Thus, we do not distinguish between the states |n and n|.
In terms of Z n the expression for the momentum-space two-point Green's function is
where M n = E n −E 0 . This formula is the quantum mechanical analog of the Källen-Lehmann representation [19] for the two-point Green's function.
The wave-function renormalization constants Z n must satisfy the general constraint
To derive this result we evaluate the sum by substituting (10):
where we have assumed the completeness property 1 = ∞ n=0 |n n| for the states |n . We then reduce (16) using the equal-time commutation relation of the field φ:
We can calculate the two-point Green's function using several different kinds of perturbative methods. For example, we can sum the one-particle irreducible Feynman graphs having two external legs. Alternatively, we can expand the wave functions and energies in Rayleigh-Schrödinger perturbation series and then use (12) and (14) . For a one-dimensional conventional gφ 4 theory whose Hamiltonian is
the Euclidean-space Feynman rules are −24g for a vertex and 
Apparently, the Z 2n increase until they reach a maximum and then decay to zero. The sum of the renormalization constants is unity in accordance with (15) .
When ǫ = 0.1, the partial sums of the Z n approach 1 in an oscillatory fashion: It is difficult to prove completeness when the Hamiltonian is not Hermitian, but the fact that the numerical sum of the renormalization constants is unity is powerful evidence that the states are complete. This is the first time that direct evidence for the completeness of the states of H in (1) has been presented. Indirect evidence for completeness in the massless (m = 0) case was found in Ref. [9] .
In conclusion we point out that many of the results we have found here for onedimensional Euclidean space immediately extend to the theory characterized by the Hamiltonian density (2) in D-dimensional Euclidean space. In particular, we can show that the 2n-point Green's functions are all real and that the (2n + 1)-point Green's functions are all pure imaginary. This result follows from the PT symmetry of the path-integral representation of the Green's functions. A detailed study of the wave function renormalization constant for D > 1 will be discussed in a future paper.
ACKNOWLEDGMENTS
This work was supported by the U.S. Department of Energy.
